Employing a catalog of 175 extrasolar planets (exoplanets) detected by the Dopplershift method, we constructed the independent and coupled mass-period functions. It is the first time in this field that the selection effect is considered in the coupled mass- 
Introduction
The mass (size) function, i.e. the differential form for the number of objects as a function of mass (size),
has been an important physical property to be investigated in many fields of astronomy such as galaxies, stars, asteroids and also dust grains. The importance lies in the meaning that this function is related with the formation and evolution of particular types of objects. Due to the fact that the mass function can be studied either through observational techniques or theoretical calculations, numerous research projects have been done on this subject.
For stars, the initial mass function (IMF) is the distribution of stellar masses from one star formation event in a given volume of space. Although the star-forming conditions vary with the environment, the measured IMF appears to be universal and can be modeled by a power-law,
where c ⋆ is a normalization constant, and α ⋆ = 2.35 for the well-known Salpeter IMF. According to Kroupa, Tout, and Gilmore (1993) , 
where m is the star's mass, and c 1 , c 2 , c 3 are constants to be determined by the total number of stars in the considered system.
Moreover, there is a new development in astronomy that more than 300 planets are detected around solar type stars. The discovery has led to a new era of the study of planetary systems and thus triggered many interesting or controversial results of theoretical works (Jiang & Ip 2001 , Kinoshita & Nakai 2001 , Armitage et al. 2002 , Ji et al. 2003 , Boss 2005 , Jiang & Yeh 2007 , Rice et al. 2008 , Ji et al. 2009 ). For example, many discovered exoplanets have extremely short orbital periods. It is likely that they are formed at larger radial distances and migrate to the current locations later. However, because the migration timescale is too short, the rapid inward Type I migration caused by disc-core interactions poses a serious issue.
At the time when there were only about 70 detected exoplanets, Tabachnik & Tremaine (2002) first used the maximum likelihood method to determine the mass and period functions with the assumption of two independent power laws. This work is, in fact, the only one that takes into account the selection effect and has intentions to obtain the fundamental mass-period functions. We have to note that different from the definition of stellar IMF, the planetary functions are constructed through the data of exoplanets from all different systems.
Without considering the selection effect, Zucker & Mazeh (2002) calculated the linear correlation coefficient between mass and period and concluded that the mass-period correlation exists.
new detections are reported in refereed papers or conference proceedings. It is also notable that Butler et al.(2006a) updated the orbital solutions and compiled a list of 172 exoplanets. In order to extend the work of Tabachnik and Tremaine (2002) with more updated data, we here constructed a new exoplanet catalog, in which all samples were discovered by the Doppler-shift method, as listed in Appendix A. A major principle to construct this catalog is that all exoplanets in our catalog shall be reported as new detections in papers of refereed journals. In order to establish such a referencebased catalog, we searched and reviewed many published papers. We intended to make sure that these papers did report new discoveries, and to check which observational survey the results belong to. Thus, all the references listed in our catalog are the papers which reported new detections.
In our catalog, the first column is the data-set identity and the 2nd column is the name of the observational survey. The 3rd and 4th columns are the reference papers and the papers' corresponding identities. The 5th column lists the number of exoplanets discovered in that corresponding paper. Finally, column 6, 7, and 8 give the name, the projected mass M, and the orbital period P of exoplanets. Most planets' M and P are obtained from Schneider Catalog. The values in Butler et al. (2006a) are used when they are missing in Schneider Catalog. We have to note that the exoplanet HD 154345b in Ref.
(E-1) is removed here due to its extraordinarily larger period, 10900
days.
Besides, we found that some exoplanets were detected by more than one group around the same time, they could be reported as new discoveries in two different papers. We checked these and made a list in Table 2 . However, they are still repeatedly listed in Appendix A, as our catalog was constructed based on published papers. Moreover, some papers studied more than one exoplanets, among which only one planet is a new discovery. In those papers, additional planets were included for a comparison purpose. We also carefully examined these kinds of papers, so that the reference papers in the catalog are exactly the papers which discover those listed exoplanets.
The Normalization Problem
In addition to the selection effect, the number of observed stars in a survey, N s , is one of the key parameters to understand the probability that a star could host an exoplanet with particular orbital properties. Unfortunately, we found that the exact numbers of stars in surveys were not clearly mentioned normally. In most cases, an approximate number of target stars in a continuous -5 -long-term survey might be given, but the exact number of observed stars at that time when a new exoplanet detection was detected was usually not stated. For example, in Butler et al. (2003) , it is written as "The Keck survey includes about 650 main-sequence and subgiant stars ...", and later in the same section, it is stated as "200 stars have one or more Keck observations but have been subsequently dropped from the program ...". In this case, neither 650 nor 450 can be used as the N s here.
Fortunately, Lineweaver and Grether (2003) obtained the numbers of target stars in surveys carefully and listed the results in their Table 4 . In fact, they also estimated the number of repeated stars in different surveys, and finally determined the total number of target stars to be 1812 in these surveys. The numbers of detected planets in the corresponding surveys are also shown in their Table   3 , and the total number is 122. Therefore, we decide to set N ratio ≡ N/N s ≡ 122/1812 = 0.0673 in our paper. This value of N/N s would be used when we determine the value of the normalization constant c through the related equations, and also as a way to obtain N s in a particular survey for a given number of detected exoplanet N.
Independent Mass-Period Functions
In this section, the method and results based on the assumption of independent mass and period power-law functions will be described.
The Method
The procedures in this section, i.e. the analytical approach, the choice of parameters etc., follow exactly that of Tabachnik and Tremaine (2002) . Here we describe the method in a selfconsistent way. However, please note that we simply consider the projected (minimum) mass M, which satisfies M = M real sin i, where M real is the real physical mass of the exoplanet and i is the orbital inclination angle, in all calculations in this paper. That is, the mass M in this paper means the minimum mass. The probability, dp, that a single star has an exoplanet with mass M and orbital period P in the range, [M, M + dM], [P, P + dP ], is given by the product of independent -6 -power laws on M and P as:
where c, α and β are constants to be determined, and M 0 = 1.5M J , P 0 = 90 days. We assume that there are N exoplanets in the data set, and let
where M i , P i are the mass and orbital period of one particular exoplanet. According to Eq. (2) and (6) of Tabachnik and Tremaine (2002) , the value of x i − y i /3 shall satisfy
where K D is the detection limit of the considered survey. For convenience, we define the right hand side of the above equation to be
The value of v D can be determined if the detection limit K D is exactly known. However, a range of possible values of K D is usually stated in a paper because it is related with the condition of instruments and weather. Similar to Tabachnik and Tremaine (2002) , we set the smallest value of
, in the considered data to be the value of v D and obtain the most likely K D reflected from the data through the above equation. Further, any value of y i shall satisfy
where P max is the upper limit of orbital periods of detectable systems, which is proportional to the duration of the survey, as at least two orbits are required for a reliable detection. For convenience, we define
Similarly, it is not easy to obtain a consistent P max from the published papers. We set the largest value of y i in the considered samples to be the value of u D and get the most likely P max reflected from the data.
On the other hand, there are further constraints on x i and y i . Let M max be the maximum value of the mass in the data set for a considered survey, and define
so we have a constraint on x i as
Similarly, let P min be the minimum value of the orbital period in the data set for a considered survey, and define
we have another constraint on y i as
Therefore, in the x − y space, the exoplanet probability dp can be expressed as:
and the expected number of exoplanets in the area dxdy in a survey of N s stars can be written as n(x, y)dxdy = N s dp = cN s e −αx e −βy dxdy.
Thus, as in Tabachnik and Tremaine (2002) , the likelihood function L is expressed as
where the domain D is v + y/3 ≤ x ≤ x max , y min ≤ y ≤ũ with
Finally, through the maximum likelihood method, the values of c, α, and β can be determined by the following equations:
The first one, ∂ ln L/∂c = 0, can be solved analytically and yielded an analytical expression of c as shown in Eq. (16) of Tabachnik and Tremaine (2002) . Using this analytical expression of c, ∂ ln L/∂α = 0 and ∂ ln L/∂β = 0 can be solved numerically.
Individual Surveys
First, the mass-period function is estimated through the data from one given particular survey.
The previously mentioned equations are used to obtain the estimates of α, β, and c. Their error bars are calculated as the standard deviations via the bootstrap algorithm with the replication size B = 2000 . The results are shown in Table 1 , and each row is for one particular survey. Table 1 . The data sets and total numbers of exoplanets used in the calculation of maximum likelihood Survey due to the high precision on the measurement of radial velocities. In general, the absolute values of α are less than 0.5, and the values of β range from -0.6 to 0.1. They both can be positive or negative.
The final row is the result when all the above exoplanets are assumed to be discovered by a Single Imaginary Survey. However, as shown in Table 2 , some planets are included in more than one data set. Although the summation of numbers of planets from all data sets is 184, there are actually 175 planets in total. The α and β of the result of Single Imaginary Survey are both negative, and the corresponding error bars are very small due to a much larger number of samples. 
Multiple Surveys
The analysis of individual surveys is generalized to Multiple Surveys here. In this analysis, different domains are considered for different surveys in Eq. (16). Thus, from Eq.(16), the likelihood function L j for the survey j is
where N j is the number of discovered planets for the survey j, and
Thus, the log-likelihood is given by
where J is total number of considered surveys, and we have J = 8 here. When ln L is maximized, the estimates for the parameters are obtained as:
where the error bars are also estimated via the bootstrap algorithm ). This set of α and β with error bars are also shown in Fig. 1 .
In order to show the distributions implied by these results and to be compared with the samples' histograms, we take integrations for the function n(x, y), and thus the number of planets with masses between M 1 and M 2 and periods between P 1 and P 2 is given by
n(x, y)dxdy = cN s e −αx−βy dxdy,
After substituting the result of Single Imaginary Survey into the above equation, we obtain the expected number of planets in given mass or period intervals as shown in Fig. 2 . With mass interval 0.5 Jupiter-mass and period interval 150 days, the crosses connected with dotted lines in Fig. 2 show the planetary distributions in mass space (see Fig. 2(a) ), and also in period space (see Fig. 2(b) ). For the comparison, the mass and period histograms of 175 exoplanets and the corresponding results derived from the Multiple Surveys are also plotted in Figs. 2(a)-(b) .
Mass-Period Correlation Coefficients
In addition to the mass and period histograms and distributions shown in Fig. 2 , the exoplanets' locations on the mass-period space, i.e. M − P space, are often presented, as the mass and orbital period are the most important physical parameters of exoplanets. Fig. 3 is the distribution of 175 exoplanets in logarithmic space, x − y space, where x, y are as defined previously. The region enclosed by four solid lines is the Domain D, where all 175 planets are included. In order to investigate the strength of mass-period correlations, the Spearman rank-order correlation coefficients ρ S are calculated, as shown in Table 3 . In general, the values of ρ S are larger than 0.5 in five individual surveys and the Single Imaginary Survey of overall 175 planets. These results imply a strong positive correlation (Cohen 1988 ).
Because there is a mass-period correlation, we shall consider the mass-period coupling and construct coupled mass-period functions in this paper.
On the other hand, as pointed in Jiang et al.(2006) and in Marchi (2007) , the correlation of each group of exoplanets identified in the clustering analysis might be linked with the physical mechanisms more easily. The overall correlations could be more difficult to explain. A recent result by Marchi et al. (2009) is a good example that two dominated groups of close-in exoplanets are found and can be explained by two physical mechanisms successfully. This is an interesting and important topic that we would like to do further investigations in the future. However, the main point in this section is to re-confirm that there is indeed a mass-period correlation for our selected samples, and thus it is necessary to construct the coupled mass-period functions in this paper.
Coupled Mass-Period Functions
We consider the mass-period coupling and construct coupled mass-period functions here. We define variables x = ln(M/M 0 ), y = ln(P/P 0 ), and their probability density functions as:
f Y (y) = βe −βy e −βy min − e −βymax , y min ≤ y ≤ y max .
Based on the copula modeling method introduced in Jiang et al. (2009) , the coupled probability
where the function C(F X (x), F Y (y); θ) is given by
u 1 is the integral of f X (x), and u 2 is the integral of f Y (y). Thus,
e −βy min − e −βymax , y min ≤ y ≤ y max .
The dependence parameter θ (−∞ < θ < ∞) can be positive, zero and negative, corresponding to the positive dependence, independence and negative dependence between two variables x and y, respectively. When θ approaches to zero, the term ∂ 2 C/∂F X ∂F Y would approach to one, and
. Thus, ∂ 2 C/∂F X ∂F Y is called the coupling factor in this paper as it controls the x − y dependence.
The function C(u 1 , u 2 ; θ) in Eq. (28) is called the Frank copula function. In fact, there are many available copula functions, and the reason why we choose this one is that it is more flexible as it allows to have negative, zero, and positive correlations.
Further, the expected number of exoplanets in the area dxdy in a survey of N s stars is
where the parameter c is a constant to be determined. For a given function n(x, y), the number of planets with masses between M 1 and M 2 and periods between P 1 and P 2 is determined by
n(x, y)dxdy
On the other hand, the likelihood function is
After the derivation shown in Appendix B, ln L is finally expressed as a function of α, β, and θ. The maximum likelihood method is used to simultaneously estimate the parameters α, β and θ through the full log likelihood ln L. The estimates of c, α, β and θ for each survey are listed in Table 4 . Moreover, as the procedure in §4, here we also generalize the result to the case of Multiple Surveys and the result is at the bottom of Table 4 . The bootstrap method is also used to get error bars. Tremaine (2002) is −1.11 ± 0.10 (−0.73 ± 0.06). Thus, considering the error bars, our results are consistent with those in Tabachnik and Tremaine (2002) . However, our mean values imply a flatter mass function but a slightly steeper period function. We hope to use the future data to investigate whether this new result remains to be valid.
In Fig. 5(a) , from the result of Multiple Surveys, the coupled probability density function in
x − y space, f XY (x, y), is shown as a three-dimensional plot. The corresponding contour is in Fig.   5 (b). To visualize it in a realistic space, the above two are transformed to be in M − P space and shown in Figs. 6(a)-(b) , where the coupled probability density function in M −P space,
is defined by
where J is the Jacobian determinant ∂x/∂M × ∂y/∂P . As we know from Eq.(27), the massperiod coupling is primarily determined by the coupling factor. In order to visualize it, the three- Figs. 8(a)-(b) show the coupled mass-period probability density function (pdf), f XY (x, y), for a few given masses or periods. For the purpose of comparison, the pdfs without coupling fac-
In Fig. 8(a) and Fig. 8(c) , the solid curve is for x=ln(1M J /M 0 ), the dotted curve is for x=ln(5M J /M 0 ), the short dashed curve is for x=ln(10M J /M 0 ), and the long dashed curve is for x=ln(15M J /M 0 ). In Fig. 8(b) and Fig. 8(d) , the solid curve is for y=ln(1day/P 0 ), the dotted curve is for y=ln(50days/P 0 ), the short dashed curve is for y=ln(100days/P 0 ), and the long dashed curve is for y=ln(150days/P 0 ). In general, it shows that the coupling factor does change the shapes of mass and period functions. To be more realistic, the curves in Fig. 8 are re-plotted as functions of M and P as shown in Fig. 9 . (24), the probability that a star could host a planet with masses between M 1 and M 2 and periods between P 1 and P 2 is given by P rob = c αβ
for the independent mass-period function.
As the power indexes obtained from the results of Single Imaginary Survey are different from those from Multiple Surveys, we calculated both results using Eq. (35). We used the symbol P rob S to represent the results of Single Imaginary Survey and used P rob M for the results of Multiple Surveys.
On the other hand, for coupled mass-period functions, we have
Similarly, we used the symbol P rob CS to represent the results of Single Imaginary Survey and used P rob CM for the results of Multiple Surveys in the case of coupled mass-period functions. Tabachnik & Tremaine (2002) estimated the expected number of planets per star for given period and mass range through their best results of multiple surveys, which is in fact equivalently defined as P rob M here. When M 1 = M J , M 2 = 10M J , P 1 = 2 days, and P 2 = 10 yrs = 3650 days, Tabachnik & Tremaine (2002) found P rob M = 0.036 and concluded that 4 percent of solar-type stars have a planet in the above ranges. For the same given ranges, we obtain: P rob S = 0.02618, P rob M = 0.04667, P rob CS = 0.02909, and P rob CM = 0.02273. Thus, our results of Multiple
Surveys are similar to those in Tabachnik & Tremaine (2002) . Moreover, the estimated probabilities from the coupled mass-period functions are smaller but still consistent with those in Tabachnik & Tremaine (2002) . In Tabachnik & Tremaine (2002) , the case with M 1 = 0.003M J (i.e. Earth Mass), M 2 = 10M J , P 1 = 2 days, and P 2 = 10 yrs = 3650 days is also estimated and has a probability as 0.18. However, our results show that: P rob S = 0.06406. P rob M = 0.1264, P rob CS = 0.06492, and P rob CM = 0.0736. Note that the result with M 1 = 0.003M J (i.e. Earth Mass) is an extrapolation as this small mass is out of the mass range of 175 samples. Under the assumption that the smaller planets shall follow the trend of our mass-period function, and the fact that the Earth-Mass planet does exist in our universe, i.e. Solar System, this extrapolation shall lead to a good estimation.
On the other hand, Naef et al. (2005) also gave estimations about the fractions of star with planets more massive than 0.5 M J within three periods: 0.7 percent for period < 5 days, 4 percent for period < 1500 days, and 7.3 percent for period < 3900 days. Correspondingly, using our samples and equations here, for M 1 = 0.5M J , M 2 = M max , P 1 = P min , and P 2 = 5 days (Note that, in 175 samples, the smallest mass M min = 0.0158, the largest mass M max = 18.39, the smallest period P min = 1.328, the largest period P max = 5218, and the units are M J and days), we obtained the fraction of stars with planets to be less than 1 percent. For M 1 = 0.5M J , M 2 = M max , P 1 = P min , and P 2 = 1500 days, we obtained the fraction of stars with planets to be about 3 to 6 percent.
Moreover, for M 1 = 0.5M J , M 2 = M max , P 1 = P min , and P 2 = 3900 days, the results are about 4 to 8 percent.
Finally, we are interested in the possibility to have a planet with mass between Earth Mass and Neptune Mass, for any period, so we set M 1 = 0.003, M 2 = 0.05, P 1 = P min , and P 2 = P max , and get: P rob S = 1.604 %, P rob M = 3.649 %, P rob CS = 1.263 %, and P rob CM = 2.542 %. We are also interested in the possibility between Neptune Mass and Jupiter Mass, for any possible period, thus we set M 1 = 0.05, M 2 = 1, P 1 = P min , and P 2 = P max , and obtain: P rob S = 2.589 %, P rob M = 5.182 %, P rob CS = 2.319 %, and P rob CM = 3.021 %. All the above mentioned results calculated by the equations in this paper are listed in Table 5 . Table 5 . The derivation of the log likelihood ln L of coupled mass-period functions is shown here. As in Tabachnik and Tremaine (2002) , the likelihood function is
By the other equations in §6, we have
where 
and the log-likelihood is
where Table   1 , and also the results of Multiple Surveys. Table   4 .
-36 - functions of P = 1 day (solid curve), P = 50 days (dotted curve), P = 100 days (short dashed curve), and P = 150 days (long dashed curve).
